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Abstract. We consider the Sturm-Liouville operator 

Lu = u" — q{x)u defined on (0, tt) with regular 
but not strongly regular boundary conditions. Under 
some supplementary assumptions we prove that the 
set of potentials q{x) that ensure an asymptotically 
multiple spectrum is everywhere dense in ivi(0, tt). 

In the present paper we consider eigenvalue problems for the Sturm- 
Liouville equation 

u" — q{x)u + \u = {) (1) 
with two-point boundary conditions 

Bi{u) = anu'lO) + ai2u'{Ti) + ai^u{{)) + ai4u{Ti) = 0, (2) 

where Bi(u) {i = 1,2) are linearly independent forms with arbitrary 
complex- valued coefficients. Function q(x) is an arbitrary complex- valued 
function of class ^2(0, tt). 

It is convenient to write conditions (2) in the matrix form 

( o^ii ai2 ai3 CLu \ 

V '^21 ^22 ^23 CL2A J 

and denote the matrix composed of the ith and jih columns of A (1 < 
^ < i < 4) by A{ij)] we set Aij = det A{ij). Let the boundary 
conditions (2) be regular but not strongly regular [1, pp. 71-73], which, 
by [1, p. 73] is equivalent to the conditions 

Ai2 = 0, ^14 + ^23 7^0, Ai4 + A23 = =F(^3 + ^24). (3) 

To investigate this class of problems it is appropriate [2] to divide 
conditions (2) satisfying (3) into 4 types: 
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I) Au = A23, A34 = 0; 

II) Au = A34 ^ 0; 

III) Au ^ A23, A34 = 0; 

IV) Au + A23, A34 7^ 0. 



An eigenvalue problem for equation (1) with boundary conditions of 
type I, II, III or IV is called a problem of type I, II, III, IV, respectively. 
It is shown [2] that any boundary conditions of type I are equivalent to 
the boundary conditions specified by matrix A^ where 



i.e. to periodic or antiperiodic boundary conditions. Inverse problems 
for this case have been studied well (see, for instance, [3], [4]). 

It also shown in [2] that any boundary conditions of type II are equiv- 
alent to the boundary conditions specified by matrix A, where 



and in both cases ai4 7^ 0. If au is a real number and q(x) is a real- valued 
function, then the corresponding boundary value problem is selfadjoint 
[2] . For this case inverse problem was studied in [5] , [6] . 

Exhausting description of boundary conditions of type III and IV is 
given in [2]. In particular, it is known that all of them are nonselfad- 
joint. The main purpose of this paper is to investigate inverse problems 
generated by boundary conditions of type III or IV. 

Denote by c(x, /i), s(x, /i) (A = /i^) a fundamental system of solutions 
to the equation (1) with the boundary conditions c(0, /i) = s'(0, /i) = 1, 
c'(0, /i) = s(0, /i) = 0. The following identity is well known 



Suppose condition (3) holds. Then simple computations show that the 
characteristic equation of any problem (l)+(2) can be reduced to the 





c(x, fi)s\x, fi) — c'(x, fi)s{x, fi) = 1. 



(4) 



2 



form A(/x) = 0, where 

A{fi) = (-1)^+^ + ac(7r, /x) + (1 - a)s\7v, fi) + 7s(7r, fi), (5) 

where a = Au/ (A14+ A23), 7 = —^434/ (A14+A23), and 6^ = if the sign 
"-" is situated in (3) (case 1), and ^ = 1 if the sign "+" is situated in (3) 
(case 2). Thus, for boundary conditions of type la = 1/2, 7 = 0, for ones 
of type II a = 1/2, 7 7^ 0, for ones of type III a 7^ 1/2, 7 = 0, for ones 
of type W a ^ 1/2,7 7^ 0- Obviously, the spectrum of problem (l)+(2) 
is defined uniquely by a quadruple of parameters (a, 7, 6^, g(x)). The 
characteristic determinant A(//) of problem (l)+(2) defined by formula 
(5) is called the characteristic determinant corresponding to a collection 
(a, 7, 6^, Q'(x)). Throughout the following ||/|| stands for ||/| 1^2(0,71), < 
q >= ^ Jq q(x)dx. By V[z^ r) we denote a disk of radius r centered at z. 
By PW(j we denote the class of all entire functions f{z) of exponential 
type not exceeding a such that ||/(^)||L2(i?) < cxd, and by PW~ we 
denote the set of odd functions belonging to PW^. 

The following theorem establishes the necessary conditions for a char- 
acteristic determinant A(/i). 

Theorem 1. If a function A{/i) is a characteristic determinant 
corresponding to a collection {a, 7, 0, q{x)) then 

A / N / -.xfl^i / TT < (7 > , sin TT/i fill) 

where f{fi) G PW~ . 

Proof. Let e{x, /j,) be the solution to equation (1) satisfying ini- 
tial conditions e(0, /i) = 1, e'(0,/i) = i/j, and let K(x,t), K^{x,t) = 
K{x,t) + K{x, — t), K~{x^t) = K(x^t) — K{x, —t) be the kernels of 
transformation [3, pp. 17-18] realizing the representations 



/X 
K{x, t)e'^^dt, 
-X 



—X 

X 



c(x, fi) = COS fix -\- K^{x, t) cos fitdt, 

Jo 
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, , sin/ix / , , sin /it , , , 

s(x,/i) = — K~{x,t) — —dt. (6) 

It was shown in [7], [8] that 

. . TT sinvTZi r dK^(/K^t)smLit . 

CfTT, /i) = COSTTU + — < g > / Ot^ (7) 

2 ^ dt II 

, . sin TV /i TV n dK~(Tv,t)cos fit ^ 
s(7r, /i) = — < g > cos TT/i + / — —dt, (8) 

^ ZfJj Jq Ut fJi 

, TV sinTT/i dK~( TV, t) sin /j,t 

s [TV, a) = cosTva + — < q > h / 7: dt. (9) 

2 /i Jq ox /I 

Substituting the right-hand parts of (6), (7), (9) in (5), we obtain 

A(/X) = (-1)^+1 + COSTT/i + (7 + f < >)^^ 



+i Q-^'-^ + (1 - «)^^ + 7i^-(a;, t)] smi^tdt. 

It follows from the last equality and the Paley- Wiener theorem that the- 
orem 1 is valid. 

Theorem 2. Let a function u{/j?j have the form 

uif^) = (-ir' + cos + (7 + + (10) 

where f{fi) G PW~ . Let 7, q^, a he arbitrary complex numbers 
but a ^ 1/2, a ^ ^, a ^ \. Then there exists a function q{x) G 
L2(0,7r) such that corresponding to the collection {a,^,0,q{x)) the 
characteristic determinant A(/i) = u{fi) and < q >= go- 

Proof. At first we consider the case qo = 0. Denote u^{fi) = — 
(— 1)^+-^. Let si be an arbitrary positive number. Since [9, pp. 115, 125] 

l/(M)l<Ci||/(M)lk(fl)e-l^""'l, (11 
we see that there exists a number A^" large enough for the inequality 



u+{fi) — cos7r/i| < si 
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(12) 



to be valid on the set \Imfi\ < 1, Re/^ > N. 

Let {/in} {n = 1,2,...) be a strictly monotone increasing sequence of 
positive numbers such that l/i^ — (A^ + 1/2)| < £i if 1 < n < N and 
fin = n if n > N -\- 1. Similarly [10] let us consider the function 

It is evident that all zeros of s{ii) are simple and for any n we have the 
inequality 

> 0. (14) 

It is shown in [10] that 



s{n) = ^^^^(1 + + 0(n-^)), (15) 

77/ 



where Co is a constant. It follows from [10] that 



= ^ + 0(^-3) (16) 

fl 

if |/m/i| < 1. 

Let us consider the equation 

az^ — u+{/iri)z + (1 — a) = 0. (17) 



It has the roots 



= - - (18) 

We denote = =b^— 4a(l — a)/(2Q;). Obviously, 



c+ = — c 7^ 0. Since the functions ^"'(^ Q') o^^-g continuous in 

the neighborhood of zero, we see that for any s > there exists cr > 
such that for any |^| < a 



2a 

Since a 7^ 1/2, we see that the functions 

_ (-l)"+^±v/(l-2n)^+2(-l)"c+22 
~ 2a 

are continuous in the neighborhood of zero. For definiteness we will count 
that ^(1 — 2ay = 1 — 2a. This yields that for any e > there exists 
^ > such that for any \z\ < S \g~{z) — 1| < £ if n is even, and 
Idni^) + 1| < £ if ^ is odd. Let ei < S and ei{l -\- tv) < a. It follows 
from (12) that for n = 1, . . . , all the numbers are contained in the 
disk r(c^, e), and all the numbers are contained in the disk r(c ,e). 

If n > + 1, then for even n all the numbers contained in the 

disk r(l, e), and for odd n all the numbers are contained in the disk 
r(— 1, e). Let Cn be a root of equation (17) chosen according to the rule 
formulated below. 

Let us consider two cases. 

1) the numbers and c~ do not lie on the imaginary axis. Then we 
choose e {e < 1/2) small enough for one of the disks r(c"^,£), r{c~,e) 
to be lain strictly in the right half-plane, and the other disk to be lain 
strictly in the left half-plane. If n = 1, . . . , A/", then for even n we choose 
Cn so as the point belongs to one of the disks mentioned above which 
lies in the right half-plane, and for odd n we choose so as the point 
belongs to one of the disks mentioned above which lies in the left half- 
plane. If n > A" + 1 we count that for even n Cn = c~ and for odd n 
Cn = c^- Then for any n = 1, 2, . . . (— l)"i?ec^ > 0. It follows from this 
and (14) that for any n Rez^ > 0, where 

Zn = (19) 

2) the numbers and c~ lie on the imaginary axis. Let a line / be 
a line which passes through the origin and which is parallel to the line 
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which PclSSGS through the points 1 and c^. Then these points lie in the 
same half-plane relative to the line /, hence, a number e can be chosen 
small enough for the disks r(l, e), r(c+, e) also to be lain strictly in the 
same half-plane relative to the line therefore, by virtue of symmetry, 
the disks r(— 1,^), V{c~^e) lie strictly on the other half-plane relative 
to the line /. If n = 1, . . . , then for even n we choose so as the 
point belongs to the disk r(c+, e), and for odd n we choose so as 
the point belongs to the disk r(c~, e). If n > + 1, then for even n 
we count that = c~, and for odd n we count that = c^. Then for 
all even n the points lie strictly in the same half-plane relative to the 
line / and for all odd n the points Cn lie strictly in the other half-plane 
relative to the line /. This, together with (14), yields that for all n the 
numbers Zn lie strictly in the same half-plane relative to the line 
Let us set F[x^ t) = Fq{x^ t) + F(x^ t), where 

Fo(x,t) = f sin finX sin fint sin nx sin nt 

' 2Cr, 2 \ / X 

sin iJ^nX sin {j^nt sin nx sin nt J . (20) 



n=N+l 

Clearly, FQ{x,t) G C°^{R ). Let us consider the function F{x,t). For 
convenience we denote i?(n) = 2(— l)^/(n)/n + /^(n)/n^. If n > A/' + l, 
then from (18) and the rule of choice of the roots of equation(17) we 
obtain 



Cn 



(-l)^+/(n)/n-(-l)^V[(-l)^+/(n)H2-4a(l-^ 



2a 

_ {-l)'^+f{n)/n-{-l)''^/{l-2a)^+R{n) _ 

- 2^ (21) 

2a 
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It follows from (11), (15), (20), (21) that 

Hx:t) = En=iv+i ^ i+co/J+o{i/n^) ^ J smnxsmut = 

= Er=^+if[(l-(-ir(TS^ + 0(lM)x 
(1 — co/n^ + 0(l/n^)) — 1] sinnxsinnt = 
= fEr^^+i((-ir^(TS|^ + 0(1/^2)) sin sin nt^ 
= {G{x-t)-G{x + t))/2, 

where 

G(2/) = - £ + 0(l/n^)) cosn?/. 

TT 1 — n 

By virtue of the Paley- Wiener theorem and the Parseval equality, we 
have 



oo ^ 



n=l 

hence, G(|/) G 27r]. Thus, we obtain 

F(x, t) = Fo(x, t) + {G{x -t)- G{x + t))/2, (22) 

where the functions F{){x^ t) and G{y) belong to the classes mentioned 
above. 

Let us now consider the Gelfand-Levitan equation 

K{x,t) + F{x,t)+ I K{x,t)F{s,t)ds = Q (23) 

Jo 

and prove that it is uniquely solvable in L2(0,x) for every x G [0,7r]. 
To this end it is sufficient to prove that the corresponding homogeneous 
equation has the trivial solution only. 
Let /(t) G ^2(0,2;) and 



f{t)+ / F(s,t)f{s)ds = 0. 
Jo 



Similarly [10] multiplying this equation by f(t) and integrating the re- 
sulting equation over the [0, x], we obtain 

lo \m\'dt +j:ZiT^) r m ^^^^ntdt /; f{s) sm^^sds- 

- E^i I lo /(^) sin ntdt f{s) sin nsds = 0. 

This, together with the Parseval equality for the system {siiint}f on 
the segment [0, tt], yields 

yZ / f{t) sin fintdtf = 0, 

where the numbers Zrfi are defined by (19). Since ah are situated 
strictly in the same half-plane relative to a line which passes through the 
origin, we see that f{t) sin fi^tdt = for any n = 1, 2, . . .. Since [11, 
12] the system {sin/i„t}J° is complete on the segment [0,7r], it follows 
that f(t) = on the segment [0, x]. 

Let K(x, t) be the unique solution of equation (23). Let us set q{x) = 
2-^k{x,x). It follows from (22) [10] that q{x) G L2(0,7r). We denote 
by s{x, /i), c(x, /i) the fundamental system of solutions to equation (1) 
with the potential q{x) and the initial conditions 5(0, /i) = c'(0, /i) = 0, 
c(0,/i) = s'(0,/i) = 1. Repeating the reasons of [10], we obtain that 
s(7r, //) = s{fi), therefore, the numbers //^ form the spectrum of the 
Dirichlet problem for equation (1) with the potential q{x). Similarly [10] 
we also obtain that c(7r, /i^) = c^. This, together with identity (4), yields 

S'(7r, fin) = 1/Cn- 

It follows from (8), (16) and the Riemann lemma [3, p. 36] that 
< q>=0. 

Let A{fi) be the characteristic determinant corresponding to the col- 
lection {a,^,0,q{x)). Let us prove that A(/i) = u^/j,). According to 
theorem 1, the function A(/i) may be represented in the form 

A(^) = (-ir + cos.^ + 7^ + M 
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where /(/i) G PW~. Taking into account (5) and remembering that the 
numbers are the roots of equation (17), we obtain 



A{fln) = (-1)^^^ + C^c(7r, /i^) + (1 - a)s'{7T, fin) + iK^, l^n 

This implies that the function 

is an entire function in the complex plane. Since the function = 

As 

f{/i) — f{ii) belongs to PW~ , it follows from (11) that 

!<?(/")! < Cse'^l^""'! (24) 

It follows from (13) that 

|/is(/i)| > Cse^l^^^l (25) 

(C3 > 0) if |/m/i| > 1. This yields |$(/i)| < C2/C3 if |/m//| > 1. 

We denote by H the union of vertical segments {z : \Rez\ = n + 
1/2, |/m^| < 1}, where n = + 1, + 2, . . .. It follows from (13) that 
|/^s(/^)| > C4 > if /i G i/. From the last inequality, (24), (25) and the 
Maximum Principle we obtain that |^(/^)| < C5 in the strip |/m/i| < 1, 
hence, the function ^{fj) is bounded in the whole complex plane and, 
by virtue of Liouville's theorem, it is a constant. Let |/m/x| = 1. Then 
it follows from the Paley- Wiener theorem and the Riemann lemma that 

limi^l^oo ^(/^) = 0, hence, ^(/i) = 0. 

Suppose that ^ 0. Similarly [10] we consider the function u{iJi) = 
fJ? + go)- Since \/ fJ? + = /i + qo/{2fj?j + 0{fi~^), we have 



cos7r\/ jj? -\- qo = cos7r/i+(— 7rgo/(2/i)+0(/i ^)) sin7r/i+0(/i ^)cos7r//, 
sin TT yj IJ? + q^ sin 7r/i 



+ 0{fi ) cosTT/i + 0(/i )sin7r/i. 
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This, together with (10), yields 



where 



It is evident that /(/i) G L2{R). We have proved that there exists 
the function q{x) G L2(0,7r) such that corresponding to the collection 
{a, 7, 6, q{x)) the characteristic determinant A(/x) = {^(/x) and < q >= 
0. It is readily seen that the function A(/i) = ji^ — qq) is the 
characteristic determinant corresponding to the collection (a, 7, ^, q{x) + 
qo). Since < ^ + ^0 >= ^0, A(/i) = A(^//i2^^) = u{^/ fi'^ - go) = 
i^(/x), we see that the function g(a;) = g(x)+go has ah required properties. 
Theorem 2 is proved. 

It is known [3, pp. 68, 80] that the eigenvalues of problem (1)+ (2) 
form two series 

Xo = fil Xn,j = {2n + o{l)f (26) 

(in case 1) and 

\„j = (2n - 1 + o(l))2 (27) 

(in case 2); in both cases j = 1, 2, n = 1, 2, . . .. We denote /i^j = 
Xn,j = 2n — 6 -\- 0(1). It follows from [1, p. 74] that asymptotic 
formulas (26), (27) can be made more precise. Namely, we have 



/j.n,j = 2n-e + 0{n-'/'). (28) 

It is clear that \fin,i — f^n,2\ = 0(n~^/^). If the set of simple eigenvalues 
is finite, then the spectrum of problem (1)+ (2) is called asymptotically 
multiple. If the set of multiple eigenvalues is finite, then the spectrum of 
problem (l)+(2) is called asymptotically simple. 

Many authors studied the spectrum of problems of type I [3] , [4] . In 
particular, it is known a lot of examples of potentials q{x) that ensure 
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an asymptotically multiple spectrum. The spectrum of any problem of 
type II (even if q{x) G Li(0,7r)) is asymptotically simple [13]. 

Properties of the spectrum of problems of types III and IV have been 
investigated considerably less. If q{x) = 0, then the spectrum of any 
problem of type III is asymptotically multiple and the spectrum of any 
problem of type IV is asymptotically simple [2]. For problems of type III 
there exist examples of potentials q{x) ^ that ensure an asymptotically 
multiple spectrum. It was shown in [13] that the root function system 
of problem (l)+(2) with boundary conditions of type III or IV forms a 
Riesz basis in iv2(0, tt) if and only if when the spectrum is asymptotically 
multiple. In the author's opinion, of great interest is the problem to give 
a description of the set of potentials q(x) that ensure an asymptotically 
multiple spectrum for problems of type III or IV, i.e. under the condition 

Lemma 1. Suppose that a collection {a,j,6,q{x)), where a ^ 
1/2, determines a characteristic determinant A(/i) represented in 
the form 

A / X / / TT < > , sin TT/i fiu) 

Am = -1 + OOSTT// + 7 + -2— ^ + 

2 fi jj, 

where /(/i) G PW~. Suppose also that the spectrum of the Dirichlet 
problem with the potential q{x) is simple and zero is not an eigen- 
value of this problem. Then for any £ > there exists ^ > 
such that for any function f{ii) G PW~ satisfying the condition 
— |L2(i?) < ^ there exists a potential q(x) G 1/2(0, tt) such 
that \ \q{x) — q{x)\ \ < e and the function 

A(^() = (-1)"+! + cos 7r^( + (7 + -2—) + 

is the characteristic determinant corresponding to the collection 
(a, 7, 6^, q{xy) and < q >=< q >. 

Proof. Let /i^ (n = 1, 2, . . .) be zeros of the function s{x, fj,). It is well 
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known that 

fin = n + 0{n-^). (29) 

It follows from (8) and (29) that for all sufficiently large n |s(7r, /i^)| > 
Ci/\iJ,n\ {Ci > 0). This, together with the simplicity of the Dirichlet 
problem spectrum, yields |s(7r, /i^)| > C2/|//n| {C2 > 0) for all n. Thus, 
we obtain 



|/in5(7r,/in)| > C3 > 0. (30) 

for any n. 
Set 

00 2 
F{x,t) = y^{unsm finX sin fint sinnxsinnt), 

n—1 

where 

_ 2c(7r, fin) 

l^nS[IJ^n) 

It is readily seen that F(x, t) = {G(x — t) — G(x + t))/2, where 

2 



^(^) = y^(^ri cos jinV COS ny). 

We denote 

F{x,t) = {un sin finX sin /j^nt sin sin nt) , 



1 ^ 

n=l 



2 



1 ^ 



where are some coefficients. Trivially, F(x^t) = ((5(x — t) — (5(x + 
i))/2, 



CXD 



^ 2 

^(^) = y^iunCos^nV cosny). 

z — J 

n—1 

We denote ^(/x) = /(/x) — /(/i), where /(/i) is an arbitrary function 
from PW^ such that a = ||5'(/i)||L2(i?) <^ 1- 
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Relation (29), combined with the reasons of [3, pp. 61-62], implies 
that 

oo 

Y.\g{l^a)? < Cia\ (31) 

n=l 

Later on we will use the following 

Proposition 1. IfYl^=i ^ where a-n are arbitrary nonnegative 
numbers^ then ^ ^ 1^- 

This proposition is a trivial corollary of the elementary inequality ab < 

0) and the well-known equality Xl^i ^ = 

7r76. 

We denote R{y) = G{y) — G{y), Vn = — Un. Suppose 

\Vn\ < C5\g{fln)\/\l^n\ (32) 

(n = 1, 2, . . .). Let us prove that the estimates 

\R{y)\ < Ca (33) 

(0 < 2/ < 27r) and 

WRMlw^) < Ca (34) 

hold. At first, we will obtain estimate (33). Using (31), (32) and propo- 
sition 1, we have 

oo oo 

\Riy)\ < ^|^;n||cos/i^?/| < CQ^\g{iJ.n)\/n < Cra. 

n=l n—1 

Let US estimate the function R'{y). Evidently, R'{y) = — sin [inV^ 

where = fJin^n- It follows from (31) and (32) that 

oo 

\hn? < Csa\ (35) 

n=l 

It is readily seen that 

||^'(2/)IU2(0,27r) = \\T.n=l^nSmfIriy\\L2{0,2n) < 

< IIEr=i^n(sin/i^2/-sinn2/)||L2(o,27r) + 1 1 ^^=1 sinn?/! |^2(o,27r)- 

(36) 
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It follows from (29), (35) and proposition 1 that 

II E^i Ki^miinV - sinn?/)||^2(o,27r) = 

- ^IIZ^n=l^^Sin 2 cos 2 IU2(0,27r) S <--9 Z^n=l ^ ^ ^10^^- 

Evaluating the second summand in the right-hand part of (36) by the 
Parseval equality, using (35) , (36) and the last inequality, we get estimate 
(34). 

Fix an arbitrary natural number A^o- Similarly, one can prove the 
following assertion. If for n > Nq estimate (32) holds and for n = 
1, . . . , A'o the estimate 

l^nl < Ciiv^ (320 

holds, then the estimates 

\R{y)\ < Civ^ (33') 

(0 < 2/ < 27r) and 

\\R'{y)K{0,2n)<ClV^ (34') 

are valid. 

We denote A+{fi) = A{fi) - (-1)^+^ Then 

A+(//^) = COS n/j^n + (7 + IT < ^ >) H • (37) 

It follows from (5) that 

A+(/i^) = Q;c(7r, jln) + (1 - a)s'{n, lln)- (38) 

We denote 

X / X / TT ,sin7r// fill) 

A+ /i = cosTT/i + 7 + - < g > ^ + 39 

Let us consider 3 cases. 

1) a = 1. Then, it follows from (38) that c{7v,iin) = A+(/i^). This, 
together with (37) , yields 

/ N / ^ . sinn LLn fill 

C(7r, lln) = cos T^IXn + (7 + TT < ^ >) ^ 



2 iiji 
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It follows from the last equality and (39) that c{n,iJ,n) — A+(/i^) = 
gil^n)/f^n- Set Cn = A+(/i^), Un = 2c^/(/i^s(7r, /i^)), then, it follows 
from (30) that inequality (32) holds, hence, estimates (33) and (34) are 
valid. 

2) a = 0. Then, it follows from (38) that s'iji^^ri) = ^+[l^n)- This, 
combined with (4), implies that c(7r, /i^) = l/A+(/i^). Since |c(7r, /i^)| < 
Ci2, we have 

|A+(Mn)| >Cr2' >0. (40) 

Notice, that 

|A+(//J - A+(/i^)| = \g{lin)\l\l^n\ < Ci3a/\/J.n\, (41) 

therefore, it follows from (40) and (41) that |A+(/i^)| > (2Ci2)~^ if a is 
sufficiently small. This, together with (40), yields 

|A+(/i,)A+(/i,)| >Ci4>0. (42) 

Set Cn = l/A+(/i^), Un = 2c^/(/i^5(7r, /x^)), then, it follows from (30), 
(41), (42) that inequality (32) holds, hence, estimates (33) and (34) are 
valid. 

3) a 7^ 1, a 7^ 0. Then, it follows from (38) and (4) that A+(//^) = 
ac{7r, fin) + (1 — a)c~^{7T, fin), hence, 

aC^(7r, fin) - A+{fin)c{7T, /i^) + 1 " « = 0. (43) 

We denote D+{fi) = Al{fi) - Aa{l - a) , D+{fi) = A+{fin)^ - Aa{l - a) . 
Solving equation (43) , we get 

A4fin) + i-l)'- ^/D4l^ 
C(7r, fin) = ^ , 

where either = or = 1. We denote 



2a 



CnA = ^ ' (44) 
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where 6n = or Sn = 1. It is clear that the numbers 5 ? are the roots 
of the equation 

az'^ - A+{/j.n)z + 1 - a = 0. (45) 
It follows from (29), (37) and (39) that 

A+(/iJ = (-1)- + r,, A+(/iJ = (-1)- + f,, 

where 

fiPnl ~ _ /(Mn) 

where \pn\ < Ci^/n. We denote Wn = 2(-l)X + r2, W"^ = 2(-l)V^ + 
f^. It is readily seen that there exists a number A^o such that for any 
n> No \Wn\ + \Wn\ < |1 - 2a|7lO. 

Let us consider the case n > Nq. Set Sn = Sn- Since D+(pn) = 
(1 - 2a)2 + and D+{pn) = (1 - 2a)^ + Wn, we see that 

|\/^+(/in) + \jD^{Pn)\ > Ci6 > 0. 

It follows from the last inequality that 

I / I _ I A+(/xn)-A+(/xn)+(-l)'^»( V^^M- V^+M) I ^ 

< Ci7|A+(/in) - A+(/in)| < Cislgiii n)\/ \Pn \ • 

Set Cn = c^^ , Un = 2cn/{pns{7r, Pn))- It follows from (30) and the last 
inequality that estimate (32) holds. 

Let us consider the case n = \, . . . ^ Nq. It follows from the equality 
{-\fzi + y^)(y^ — ^/z2) = zi — Z2 that at least one of the inequalities 

lv^ + V^l < \zi - ^2|^^^ V^l < ki - ^2|^^^ 

holds. For any n we choose 5^ in (44) so that the equality 
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is valid. It is readily seen that 

\D4fln) - D4fln)\ < Ci9|A+(/iJ-A+(/X^)| < C2o|^(/in)|/|/in|. (46) 

Set Cn = c^~^^, Un = 2cn/{pns{7T, /j.r,)). Using (31), we obtain \g{iin)\ < 
C2icr. Then, it follows from (30), (46) and the last inequality that in- 
equality (32') holds, hence, estimates (33') and (34') are valid. 
Let us now consider the Gelfand-Levitan equation 

nx 

K{x,t) + F{x,t)+ / K{x,t)F{s,t)ds = 0. (47) 

Jo 

Taking into account estimates (33) and (34) (or (33') and (34')) and 
arguing as in [10], we see that for all sufficiently small a equation (47) 

has the unique solution K(x, s), the function q{x) = ^^^^^^''^^ belongs to 
^2(0, tt) and the inequality 1 1^ — ^| | < C^/a holds. This implies that for 
all sufficiently small a ||^ — ^|| < e, where e is an arbitrary preassigned 
positive number. 

We denote by s{x, ji)^ c{x, ji) the fundamental system of solutions to 
equation (1) with the potential q[x) and the initial conditions s(0, ji) = 
c'(0, /i) = 0, c(0, /i) = s'(0, /i) = 1. 

As for Theorem 2, we obtain 5(7r, fj) = 5(7r, /i), hence, the numbers jj?^ 
form the Dirichlet problem spectrum for equation (1) with the potential 
q{x). In the same way, we get c(7r, //^) = c^. This, combined with 
identity (4), yields s'{7r,fin) = 1/c^. 

It follows from asymptotic representation (8) written for the functions 
s{7r, jj) and s(7r, fj) that < q >=< q >. 

Let A(/i) be the characteristic determinant corresponding to the col- 
lection (a,^,6,q{x)). Let us prove that A(//) = A(/i). By Theorem 1, 
for the function A(/i) we have a representation 

^ / N / -.xfl^i / TT < (7 > , sin TT/i f(a) 
A{^l) = + cos TTA* + (7 + -2—) ^ + 

where /(/i) G PW~. Taking into account (5), using that the numbers 
Cn are the roots of equation (45), repeating arguments of Theorem 2, we 
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obtain A(/i^) = A(/i^). Then, as for Theorem 2, we get A(//) = A(/i). 
Lemma 1 is proved. 

Lemma 2 [8]. For any function q{x) G L2(0,7r) and any s > 
there exists a function qeix) G L2(0,7r) such that \\q{x) — qe{x)\\ < 
£, the spectrum of the Dirichlet problem with the potential qeix) is 
simple and zero is not an eigenvalue of this problem. 

Lemma 3. Suppose the Dirichlet problem with a potential q{x) G 
^2(0, tt) has a simple spectrum and zero is not an eigenvalue of 
this problem. Then there exists > such that for any function 
q{x) G L2(0,7r) satisfying \\q[x) — q[x)\\ < S the Dirichlet problem 
with the potential q{x) also has a simple spectrum and zero is not an 
eigenvalue of this problem. 

Proof. Let A„ = /i^ {Re/in > 0) be the eigenvalues of the Dirichlet 
problem with the potential q(x). It is clear that there exists Ci > such 
that l/i^l > Ci and l/x^ — > Ci if z 7^ j. Let s[x^ii) be the solution 
to equation (1) defined above, T = |J^^ r(/i^, ci/3). Then [14, p. 87] 
outside r we have the estimate 

|s(^,/^)|>C2/(|mI + 1). (48) 

Let q{x) be a function such that ||^(x)|| < 2||g|| + L Let s{x^ii) be the 
solution to the equation u" — q{x)u + fi^u = satisfying the same initial 
conditions as the function Then, it follows from [15, p. 46] and 

the trivial inequality \q{x)\dx < y^\\q\ \ that for ah /i such that 

>2v^||^|| + l (49) 

the estimate 

Sinn /I cse'^^^l^ 
s(7r, /i) 1 < I |o (50) 

is valid (a constant C3 does not depend on q{x)). 

Let /i be a root of the function s(7r, //) . Suppose |/m/i| > 1, then 
|sin7r/i| > €46^^^^^^ (c4 > 0). Suppose also that ft satisfies (49), then 
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it follows from the last inequality and (50) that < c^/c^, hence, 
\Imjl\ < Cs/c4. This implies that outside of the strip |/m/i| < C3/C4 the 
function s(7r, //) has no roots. 

Let us study properties of the function s(7r, //) inside the strip \Imfi\ < 
Cs/ci + Ci/3. It follows from (6) and [7] 

|s(7r,//) -s(7r,//)| < C5||g-^||/(|//| + 1). (51) 

It follows from (48) and (51) that under the condition 

<C2/(2C5) (52) 

the function s(7r, /i) has no roots outside of F, therefore, all the roots of 
the function s(7r, /i) lie inside T. Combining (48), (51) and the Rouche 
theorem, we obtain that under condition (52) the function s(7r, fi) has 
a unique root inside each disk r(/i^, ci/3). This completes the proof of 
lemma 3. 

It follows from equality (5), asymptotic formula (28) and the Hadamard 
theorem [16, p. 259] that 

A(/i) = y (/^o - ) 1 1 ^^^^4 (53) 

n—l 

if 6 = and 

A(M)=2n ^<'";p_^<r^'^ (54) 

n—l ^ ' 

Lemma 4 [6]. Suppose the numbers /j^nj satisfy asymptotic rela- 
tions 

/i„,, = 2n - e + + 

2n — n 

where Y2'^=i\^n,j\'^ < cxd (j = 1,2); then the function A(/i) can be 
represented in the form 

2 11 11 
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where f(p) G PW^ . 
Consider two sequences 



where Vi and V2 are arbitrary complex numbers and Yl^=i l^^^jP ^ ^ 
(j = 1,2). Let /io be an arbitrary complex number and let a function 
A(/i) be determined by (53) or (54). We denote jiQ = //q, j^n^j = l^n,j if 
n = 1, N and 



An,l = i^n,2 =2n-0 + 



2n-e (2n - Of 
ifn = A^ + l,A^ + 2,..., where is an arbitrary number. Set 

2 00 / ~2 2\ / ~2 2\ 

AAr(/i) = — (/io - ) 11 7—4 (55) 



16n4 

n—1 



if 6* = and 

W = 2 1 1 ^;^3T)^ (56) 



if6' = l. 

Lemma 5. In both cases 



lim ||/z(A(M)-AA,(//))|U,(fl)=0. 



Proof. By lemma 4, the function A(/i) can be represented in the form 

A(/.) = (-1)"+' + COSTT/. + ttFi^ + (57) 

jJL jJL 

where /(/i) G PW~ , and the function An{ij) can be represented in the 
form 

A^(M) = (-ir'+cos^M + ^Vi^ + Mf), (58) 
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where /Ar(/i) G PW^ . We denote Fat (/i) = /i(A(/i) - Aiv(/i)). It follows 
from (57) and (58) that F/v(/i) = /(m) — fnilj)- It is readily seen that 

\Im^n,j\ < M, \Im/ln,j\ < M, - < Cq. (59) 

We denote by / the hne Imz = (M + 2) (Co + 1). Let /i G /, then 
A(/i) 7^ and, hence, we have 

F.i,) ^ - ^) - [i - n fid + 

(60) 

It follows from (57) and (11) that 

|AMI < ci. (61) 

~2 2 

We denote ,•(//) = ^^^^f (j = 1, 2). It follows from (59) that 

|a,,,(/i)| < 1/4. (62) 

We denote WNj{l~Ji) = 5^^iv+i 1^(1 + ^nji^-))- Here we take the branch 
of ln(l + z) which vanishes for z = 0. Let us estimate the functions 
anj{fi) and WNji/J-)- First of all, notice, that they are even, therefore, 
one can consider only the case Re/j > 0. Obviously, 

< C2\Sn\/n. (63) 

It is not hard to prove that for all n > Nq^ where A^o is a sufficiently 
large number, we have 

\fin,j + A^l > l/^l, |/^n,j - fi\> \2n-6 - fi\/2. (64) 
It follows from (63) and (64) that if n > A^o, then 
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Further we count that N > Nq. Using (62), (65) and the elementary 
inequahty | ln(l + z)| < 2\z\, which holds if \z\ < 1/4, we obtain that 

^ ^ l^n^N+l \^n,j{H^)\ 2i n\2n-0-ii\- 

It follows from (66) and the trivial inequality \Sn\/n < (|(5nP + n~'^)/2 
that for ah sufficiently large I^a^j(/^)I ^ 1/8, hence, ^j=i \^n.j{ij)\ < 
1/4. This, together with the elementary inequality |1 — < 2\z\, which 
holds if 1^1 < 1/4, yields 

2 2 

|l-exp(5^iy^,(/.))| <2 5^|iy^,(/.)|. 

It follows from the last inequality, (60), (61) and (66) that 

2 oo I j: I 

IFivMI < csImI J2 IW'^.M < C4 E i2n-0-a\ - ^^^^ 

To estimate the sum in the right-hand part of (67) we need the elementary 
inequality 

oo 

^|n-^r2<(7, (68) 

where C does not depend of ^ G /. Fix an arbitrary e > 0. We choose 
So > small enough for the inequality cqC < e/10 to be valid. Using 
(68), we obtain 

Eoo \Sn\ ^ J_ v^oo \Sn\{\'2n-9-fi\+2n-9) i ^ 

n=N+l n\2n-e-ii\ — |/i| Z^n=N+l ri\2n-e-ii\ I — 

'5n\{2n-e) 



< 



<^[(l/2 + l/so)Er^iv+il^nP+ 



< 



+ 1/2 J2n=N+l ^ ^ + ^0 J2n=N+l |2n-^-/x|l — 

< ^[(1/2 + 1/eo) E7^N+i \Sn? + 1/2 EZn+1 + s/10]. 
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Evidently, that for all sufficiently large N the right-hand part of the last 
inequality does not exceed £/\fi\. This, combined with (67), implies that 
for G / |F/v(/i)| < C7v/|/i|, where Cn as N ^ oo. This yields 

lim \\FN{fi)\\L2{i) = 0- 

iV— >oo 

It follows from the last relation and [9, p. 115] that 

lim \\FN{fi)\\L,(R) = 0. 

Lemma 5 is proved. 

Lemma 6. Let a ^ 1/2. Let p be an arbitrary odd number^ 
p = 21 -\- 1, where I = 0, 1, . . .. Then there exist numbers hi, gi (i = 
0,p — 1) such that for any function q{x) G VKf[0, tt] satisfying the 
conditions g*^^^(0) = hi, q^^\7r) = gi {i = 0,p — 1) we have for the 
numbers /inj the asymptotic representation 

= 2n-0 + f^ — ^ + o(n-'-i) (69) 

{j = 1, 2) , moreover, Vi = 7i~^{'y -\-7v < q > /2). 

Proof. Let q{x) G VFf[0, tt]. It was shown in [3, p. 69] that the 
characteristic equation A(/i) = can be reduced to the form 

{exp[z7r/i+ / a{ii,t)dt\+Cw{ii,^)/G{ii)Y = H(ii)/(w{ii,^)w{ii,T[)), 
Jo 

(70) 

where 

C = -(yll3 + A24)/2, (71) 
G{ii) = -iniAu + ^23) + Aucri-H, 0) - A23Cr{lJ., it) + Au, (72) 
w{p,x) = 2iix + a{p,x) — a{—n,x), (73) 
H{p) = C^w{ii, 0)w(^j, tt) + G{i-i)Gi-ii), (74) 

,(^,^) = y-i^ + ^^, (75) 
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x)= [ ap+i{x - Oe-^'^^d^ + oifi'^) (76) 
Jo 

[3, pp. 60, 61, 69], and the functions ak{x) are determined by the recur- 
sion relations 

k-i 

ai{x) = q{x),(j2{x) = -q\x),ak+i = -cr'ki^) -'^ak-j{x)aj{x). 

(77) 

It follows from (77) that 



a*+i(x) = (-1)V*'(^) + Sk-2(x), (78) 

where Sk-2{x) is a polynomial of q{x),q\x), . . . ,q^^~'^\x). It follows 
from (73) that 

w{fi, x) = 2i/i + 0(//~^). (79) 

Using relations (71)-(74) and performing some simple though awkward 
manipulations, we obtain 

X [2ijj. + cr(//, 0) — cr{—jj., 0)] [2ijj. + cr(//, tt) — cr{—jj., 7r)]+ 

+ [-Z/i(Ai4 + A23) + Ai4Cr(-/i, 0) - A23Cr(/i, Tt) + A34] X 

X [ifi{Au + A23) + Aua{fi, 0) - A23cr(-/x, tt) + A34] = 
= 1(^13 + A24f[a{fi, tt) - a(-/i, tt) + a(/i, 0) - a(-/i, 0)]+ 

+Z//(Ai4 + A23)[Ai4a(-/i, 0) - A230-(/i, Tt)- 

-Ai4(7(/x, 0) + A23a{-/j., 7r)]+ 

+^^4 + i(Ai3 + ^24)^[f7()^, 0) - a(-/i, 0)] [a(/i, tt) - a(-/i, 7r)]+ 
+[Ai4a(/i, 0) - A230-(-/i, 7r)][Ai4fj(-/i, 0) - A230-(/i, tt)]. 

(80) 

We denote Yll^i '^k{x)/ (2z//)^ = ap(//, x). 
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It follows from (75), (76) and (80) that 

H{fi) = f (Ai3 + A24f[ap{/j, it) - ap{-fi, ir) + ^^(/i, 0) - (7p(-/i, 0)]+ 
+ifi{Au + A23)[Auap{-i^, 0) - A23^p{fi, n)- 
-Ai4(jp(/i, 0) + A23(Jp(-/i, 7r)]+ 

+^34 + i(^13 + A24)^[(Jp(/i, 0) - a-p(-/i, 0)] [(Jp(/i, Tt) - (Jp(-/i, 7r)] + 

+[Ai4ap(/i, 0) - A23ap{-fi, 7r)][Ai4(jp(-/i, 0) - A23ap{/d, tt)] + o(/i^"^). 

(81) 

We denote the sum of the first three summands in the right-hand part 
of the last equality by Hi[p) and we denote the sum of the fourth and 
the fifth summands by H2{/J^). It follows from (3), (75), (77) that 

Hiip) = 1(^13 + A2,)Hai{7T) + ai(0))- 
-{Au + A23)(Auai{{)) + A23(Ji{n)) + Al^+ 

+ i(^[(^i3 + A2,na,{n) + a,(0))/2- 

-{Au + A23)(Ai4aA;(0) + A23ak{7T)] = 

= {i(Ai4 + A23){Au - A23)(g(7r) - q{0)) + ^24}+ 

+ ELi(2^/^)"'"(^i4 + A23){Au - A23){a2m+lM - a2^+i(0))/2 

(82) 

(if / = the last summand in the right-hand part of (82) is missing). 

It is readily seen that H2{/j.) is an even function. This, together with 
(75), yields 

+A_^-fj,(0)a-_^-(7r) + 7,^-cr,(7r)cr^-(7r)), 

where a^j, f3ij, ^ij are some coefficients. We denote the expression in 
braces in the right-hand part of (82) by H^. 

Let us consider the case / = 0. It follows from (81)-(83) that H{^) = 
Hq + H2{fi) + 0(1) = Hq + 0(1). This, combined with (79), implies that 

iJ(/i)/(^(/i,0)^(/i,7r)) = 0(/i-2) (84) 
and if i^^o = O5 then 

iJ(/i)/(w;(/i,0)w;(/i,7r)) = o{^-'^). (85) 
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Consider the left-hand part of (70). It foUows from (75-77) that 



»7r m 



a{fi,t)dt = {2ifi) ^ / q{x)dx + o{ii ^). (86) 

'0 JO 

Using (3), (71), (72), (79) and the equality 

(1 + c//i + 0(/i-2))-i = 1 - c//i + 0(/i-2) 
(c is an arbitrary number), which can easily be checked, we obtain 

Cw(/i,0) ^ -(Ai3+A24)(2z/i+0(/x-l)) ^ 

G{^1) 2H/i(Ai4+A23)+Ai4(T(-/i,0)-A23fT(/i,7r)+A34] (OJ\ 

= ^-^r'+jiJi^)+o{,^-') = {-ir\i-i-,+o{i.-')). ^ ^ 

Rough asymptotic relation (28) yields that equation (70) has a root /xa; = 
A: + where £k = 0(A:~-^/^), and even k correspond to case 1 (6> = 0), 
and odd k correspond to case 2 (^ = 1). This, combined with (84), (86) 
and (87), implies that Sk is a root of the equation 



msk + i^ijik) ^ / q{x)dx = -^/{ifik) + 0{fi,^ ^). 

Jo 

This yields that Sk = 0(/c~^), and if Hq = 0, then, using (85), we get 

£k = {7rfiky\l/'2 / q{x)dx+j)+o{k-^) = {7rk)-\7r <q> j2+-f)+o{k-^). 

Jo 

It follows from the last equality that if i^o = 0, then for the numbers finj 
we have the asymptotic representation 

= 2n-e + ^ ^ + o{n-'). (88) 

Notice, that i:fo = if 

Let us consider the general case when / is an arbitrary natural number. 
Let condition (89) hold. Combining (77), (78), (81), (82) and (83), we 

27 



obtain 

where P2m-2 (0, tt) is a polynomial of q(0) , . . . , g(2m-2) (Q) , g(7r) , . . . , g(2m-2) _ 
Setting consecutively for m = 1, 2, . . . , / 

.(2m) (^) _ ^(2m) /Q^ ^ 2(2z)2^P2m-2(0, Tt) 

we obtain that under the conditions (89), (90) H{fi) = o{/jL~'^^). This, 
together with (79) , yields that equation (70) takes the form 

{exp[z7r/i+ / a{fi,t)dt] + Cw{ii,0)/G{ii)y = o{fi'^^-^). (91) 
Jo 

Let us consider the left-hand part of (91). It follows from (75) that 

/•Tj- 2/+1 

/ (T((U,t)dt = Vc^(2i//)-^ + o(;n-2'-^), (92) 

where Cj are some coefficients. It follows from (73), (75) that w{fi, 0) = 
2z/i(l + (^(/i)), where 



^M-E^ + °(/^-^'-^)- (93) 



Combining (71), (72) and (92), we obtain 

Cw{fi, 0)/G{fi) = -ifiiAis + ^24)(1 + <^(/i)/G'(/i) = 

_ (Ai3+A24)(l+y(/x)) _ (-l)^+l(l+yM) (94) 

^14+^23-(^34+^14<7(-Ai,0)-A23(^(Ai,7r))/(i/x) I+V^Ia*) ' 

where 

^(/^) = • + ^i4^(/^. 0) - A23cr{fi, tt)). (95) 

Z/i(Ai4 + A23J 
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It was shown above that equation (91) has a root jij^ = k -\- e^^ where 
Sk = 0{k~^), and even k correspond to case 1 (6^ = 0) and odd k 
correspond to case 2 (6 = 1). It follows from (91), (95) that 

exp[znfik + r ^(/i., t)dt] = + o{fi^'-'). (96) 

Jo 1 + 

Using (95) and (96), we get 

r-TT 

insk + / cr{fik, t)dt = ln[l + (p{fik) + o{fi~''~^)] - ln[l + ip{fik)]- 
Jo 

It follows from (75), (94), (95) and the last equality that 

where F{lu) = Yl\^i fj^^^ where fj are some coefficients. Arguing as in 
[3, pp. 72-75], we obtain relation (69). 
Lemma 6 is proved. 

Lemma 7. For any function f{x) G L2{K), where K = [a^h], 
any e > and any numbers hi, Qi {i = 0, . . . ,m — 1), where m is 
an arbitrary natural number, there exists a function f{x) G C^{K) 
such that f^^\a) = hi, f^^\b) = (z = 0, . . . , m — 1) and \\f{x) — 

Proof. Evidently, there exists a trigonometric polynomial T(x) such 
that 

||/(a;)-r(a;)|U,(A-) <e/4, (97) 
and there exist numbers qq and bo {a < ao < bo < b) such that 

||r(x)|U,(;,_;,„)<£/4, (98) 

where Kq = [ao, bo]. Let r]{x) be the cut-off function: 'r]{x) = 1 if x G i^o, 
r]{x) = Oifx^K,0< r]{x) < 1, r]{x) G C"^(-oo,oo). We denote 
Pi{x) = Y^Zl ^(^ - P^{^) = YlZl t - ^T- It is obvious that 
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Pi {a) = hi, P2 (b) = Qi {i = 0, ... ,m — 1). Evidently, there exist 
segments Ki = [a, ai] and i^r2 = [61, 6] (a < ai < 61 < 6) such that 

\\P,{x)\\L,(K,)<el^ (99) 

(j = 1,2). Let us define the cut-off functions r}j{x)\ r]i{x) = 1 if x < a, 
r]i{x) = if X > fli, r]2{x) = 1 if x > 6, r]2{x) = if x < 61, < rij{x) < 
1, 'qj{x) G C°°(-oo,oo). 

Set f{x) = T{x)r}[x) + Pi{x)rii{x) + P2{x)r]2{x). It is readily seen that 
p{a) = /i„ p{h) = t/, (z = 0, . . . ,m - 1). It follows from (97)-(99) 
that 

||/(x) - f{x)\\L^^K) < \ \f{x) - T{x)\\l,(k) + 11(1 - v{x))T{x)\\l^^k-Ko)+ 

+ Ej=i \\Pjix)r]j{x)\\L^^Kj) < £- 

Lemma 7 is proved. 

The main result of the present paper is the following 
Theorem 3. If a 1/2, then for any s > there exists a function 
q{x) G L2(0,7r) such that \\q{x) — q{x)\\ < e and problem (l)+(2) with 
the potential q{x) has an asymptotically multiple spectrum. 

Proof. Fix an arbitrary e > 0. By lemma 2, there exists a function 
q^^^x) G ^^2(05 tt) such that \ \q — q^^^\\ < s/10 and the Dirichlet problem 
with the potential q^^\x) has a simple spectrum, moreover, zero is not 
an eigenvalue of this problem. By virtue of lemma 3, there exists S such 
that < ^ < e/lO and for any function q{x) G L2(0,7r) satisfying the 
condition ~ ^|| < ^ the Dirichlet problem with the potential q{x) 
also has a simple spectrum, moreover, zero is not an eigenvalue of this 
problem. 

According to lemmas 6 and 7, there exists a function q^'^\x) G C°°[0, tt] 
such that I lo'f^^ — ^1 1 and for the eigenvalues Aq = /ig (if ^ = 0), Xnj = 
of problem (l)+(2) with the potential q^'^^x) we have asymptotic relation 
(69), where / = 2 and Vi = 7r~-^(7+7r / 2) . For the characteristic 

determinant A(//) of the mentioned problem relations (53), (54)and (57) 
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are valid. Let the functions Ajv(/i) and fN^ij) be determined by formulas 
(55), (56), (58). By lemma 5, it follows that 

lim ||/M-/A-(M)IU.(fl)=0. (100) 

iV— >oo 

Since the Dirichlet problem with the potential gt^] [x] has a simple spec- 
trum and zero is not an eigenvalue of this problem, we see that it follows 
from (100) and lemma 1 that for any N > Nq, where Nq is a sufficiently 
large number, there exists a potential qN{x) G L2(0,7r) such that the 
function A]y{/j) is the characteristic determinant corresponding to the 
collection (a,7, 9, qN{x)), moreover, limAr^oo ~Qn\ \ = 0. Since any 
potential qN{x) {N > Nq) ensures an asymptotically multiple spectrum 
of corresponding problem (l)+(2), we see that from the last equality it 
follows that theorem 3 is valid. 

In the case a = l/2, 7 = the analogous proposition was obtained in 
[17]. 
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